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Motivation
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Quantum mechanics General Relativity

Quantum Gravity

• String theory

• Loop quantum gravity

• Black hole thermodynamics

• Holography

• ...... 

incompatible

Physicists have undertaken extensive efforts to reconcile them.



Motivation
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▪ Status: despite extensive efforts, a complete theory of quantum gravity 

has not yet been found! 

▪ Goal: this presentation aims to explore quantum gravity and gain 

insights from quantum information in gravity.

Quantum Gravity

Information
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HOLOGRAPHIC COMPLEXITY PROPOSALS

CV, CV2.0, CA
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Holography

▪ Bulk

Anti-de Sitter space theory in d+1 dimension 

▪ Boundary

Conformal field theory in d dimension

▪ Correspondence 

Holography: 

AdS is one dimension higher than CFT. 

Duality: 

Quantities that can be computed in one theory can also be computed in the dual.

arXiv:gr-qc/9310026, arXiv:hep-th/9409089, 

arXiv:hep-th/9711200, arXiv:hep-th/9802150
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bulk boundary 

(Hooft, Susskind, Maldacena, and Witten)

https://arxiv.org/abs/hep-th/9711200
https://arxiv.org/abs/hep-th/9711200
https://arxiv.org/abs/hep-th/9711200
https://arxiv.org/abs/hep-th/9711200
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Entanglement is Not Enough

▪ What makes quantum physics so different from classical physics? 

1. Entanglement 

Knowing everything about a system might reveal nothing about its individual parts.

2. Complexity

As Feynman noted, the remarkable complexity inherent in quantum states.

arXiv:1411.0690 (Susskind)
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https://arxiv.org/abs/1411.0690


Entanglement is Not Enough

▪ On the one hand, the ER grows linearly with time for a very 

long time. 

▪ On the other hand, the state comes to thermal equilibrium 

quickly, entropy is saturated.

▪ So entanglement entropy is not enough to understand the 

rich geometric structures behind the horizon.

arXiv:1411.0690 (Susskind)
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https://arxiv.org/abs/1411.0690


Entanglement is Not Enough

▪ We need something else that keeps growing long after 

equilibrium. 

▪ The complexity of the state also grows linearly with time at 

late times.

▪ Complexity in quantum information/computing theory can 

capture the growth of the ER!

arXiv:1402.5674, arXiv:1403.5695, arXiv:1406.2678 (Susskind and Stanford 2014)
PAGE  11

https://arxiv.org/abs/1402.5674
https://arxiv.org/abs/1403.5695
https://arxiv.org/abs/1406.2678


Introduction to complexity

▪ What is complexity?

➢ How hard is it to reach a goal?

➢ How to measure the difficulty to solve a problem？

➢ How many steps you need to take to prepare a given state from a reference state?

 In quantum circuit model, quantum complexity is defined as the minimal 

number of quantum gates (elementary operations) required to reach a target state 

from the reference sate.

arXiv:1810.11563 (Susskind)
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https://arxiv.org/abs/1810.11563


Complexity= Volume conjecture

▪ Hint

a) The volume of black hole interior grows linearly with time

b) The complexity of the state also grows linearly with time

c) Thus the complexity is proportional to volume

where A is the horizon area, T is the temperature, l is the AdS length scale.
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G G l
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=
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Complexity= Volume conjecture
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arXiv:1810.11563 (Susskind)

https://arxiv.org/abs/1810.11563


arXiv:1402.5674, arXiv:1403.5695, arXiv:1406.2678 (Susskind and Stanford 2014)

Complexity=Volume conjecture (CV)

▪ CV Conjecture

The complexity of the boundary CFT state is proportional 

to the volume of the maximal volume slice. 

➢ 𝐺 is the Newton’s gravitational constant 

➢ 𝑑 is the dimension of the boundary CFT

➢ 𝑙 is the length scale Sketch of CV
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https://arxiv.org/abs/1402.5674
https://arxiv.org/abs/1403.5695
https://arxiv.org/abs/1406.2678


Complexity= Volume conjecture

▪ Steps to use CV conjecture

a) Choose a time slice Σ on boundary

b) Consider all spatial B with ∂B = Σ

c) Find the maximum volume

d) Evaluate the complexity 

2

( 1) 8( 1)
=

2 N

d V d V
C

G l l 

− −
=
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Sketch of CV

arXiv:1402.5674, arXiv:1403.5695, arXiv:1406.2678 (Susskind and Stanford 2014)

https://arxiv.org/abs/1402.5674
https://arxiv.org/abs/1403.5695
https://arxiv.org/abs/1406.2678


Complexity=Volume conjecture 2.0 (CV 2.0)

▪ CV 2.0 conjecture / Complexity=Spacetime volume 

The complexity of the boundary CFT state is proportional to 

the spacetime volume of the Wheeler-de Witt patch.

 Wheeler-de Witt (WDW) patch:

The region formed by the union of all the possible spacelike

hypersurfaces anchored at a fixed boundary. Sketch of CA

arXiv:1610.02038 PAGE  17(Couch, Fischler, Nguyen 2016)

https://arxiv.org/abs/1610.02038


arXiv:1509.07876, arXiv:1512.04993 (Brown, Roberts, Susskind, Swingle, Zhao 2015)

Complexity=Action conjecture (CA)

▪ CA Conjecture

The complexity of the boundary CFT state is proportional

to the action of the Wheeler-de Witt patch

S is the action of the Wheeler-de Witt (WDW) patch, 

the union of all spacelike slices we considered before.
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Sketch of CA

https://arxiv.org/abs/1509.07876
https://arxiv.org/abs/1512.04993


arXiv:1509.07876, arXiv:1512.04993 (Brown, Roberts, Susskind, Swingle, Zhao 2015)

Complexity= Spacetime volume or Action conjecture

▪ Steps to use CV 2.0 or CA conjecture

a) Choose a time slice Σ on boundary

b) Consider all spatial B with ∂B = Σ

c) Find the the union of all B, WdW patch

d) Compute the spacetime volume or action of  WdW patch

e) Evaluate the complexity 
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Sketch of CA

https://arxiv.org/abs/1509.07876
https://arxiv.org/abs/1512.04993


INTRODUCTION TO MAGNETIZED ADS 
SOLITON

Magnetized AdS soliton v.s. periodic AdS

PAGE  20



arXiv:1712.03732, arXiv:hep-th/9808079, arXiv:hep-th/9803131(Witten,Horowitz, Myers, Reynolds, and Ross)

Magnetized AdS soliton

We consider CFTs (for d = 3, 4) compactified on a circle with a U(1) gauge field,

which is dual to magnetized AdSd+1 soliton bulk

➢ A is the gauge potential

➢ µ is related to Mass/Energy

➢ 𝑄 is the U(1) charge

➢ Φ is the magnetic flux

t

r=r0

x

r=∞
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https://arxiv.org/abs/1712.03732
https://arxiv.org/abs/hep-th/9808079
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Magnetized AdS soliton

We consider CFTs (for d = 3, 4) compactified on a circle with a U(1) gauge field,

which is dual to magnetized AdSd+1 soliton bulk

➢ As 𝑟 decreases, the proper size of 𝜙 circle get smaller

➢ At 𝑟 = 𝑟0 
(the largest zero of 𝑓(𝑟) ), the circle vanishes

➢ 𝜙 has a period 

where 

t

r=r0

x

r=∞
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arXiv:1712.03732, arXiv:hep-th/9808079, arXiv:hep-th/9803131(Witten,Horowitz, Myers, Reynolds, and Ross)

https://arxiv.org/abs/1712.03732
https://arxiv.org/abs/hep-th/9808079
https://arxiv.org/abs/hep-th/9808079
https://arxiv.org/abs/hep-th/9808079
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https://arxiv.org/abs/hep-th/9803131


Magnetized AdS soliton

AdS soliton

Periodic AdS

AdS soliton: Cigar-like geometry  AdS: Cylinder-like geometry 
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EVALUATION FOR HOLOGRAPHIC 
COMPLEXITY

CV, CV2.0, CA
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Evaluation for CV: Complexity=Volume 

▪ The volume of the maximal volume slice is 

with 𝑟0  →  0 for periodic AdS, where 𝑉𝑥 is the volume along the 𝑥 directions.

▪ The CV complexity is proportional to volume

▪ Complexity of formation: 

Complexity of formation is defined as complexity of the magnetized AdS solitons 

subtract the corresponding complexity of periodic AdS.

Note：the divergent terms in the maximal volumes cancel as 𝑟𝑚  → ∞
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Evaluation for CV : Complexity=Volume 

▪ The volume of the maximal volume slice is 

with 𝑟0  →  0 for periodic AdS, where 𝑉𝑥 is the volume along the 𝑥 directions.

▪ The CV complexity is proportional to volume

▪ Complexity of formation per boundary volume is 

PAGE  26



Evaluation for CV : Complexity=Volume 

CV complexity of formation density is

▪ Scaling

▪ Phase transition

➢ AdS soliton / periodic AdS

➢ Order parameter

non-zero in AdS soliton

zero in periodic AdS!

AdS soliton  AdS

PAGE  27

Φ𝑠(𝑑 = 3) Φ𝑠(𝑑 = 4)

𝑐𝑣 −
Φ

Φ max 



Evaluation for CV 2.0: Complexity=Spacetime volume 

▪ The future and past lightsheets on the WDW patch 

boundary are given by 𝑡𝐹 (𝑟) and 𝑡𝑃 𝑟

▪ We choose the boundary conditions that both lightsheets 

satisfy 𝑡 =  0 at the radial cutoff 𝑟 = 𝑟𝑚

Sketch of WDW
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Shape of future lightsheet 𝑡𝐹 (𝑟) 



▪ The WDW patch volume is

where

▪ The complexity 2.0 is

▪ Complexity of formation density
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Evaluation for CV 2.0 : Complexity=Spacetime volume 

Sketch of WDW



Evaluation for CV 2.0 : Complexity=Spacetime volume 

CV2.0 complexity of formation density

▪ Scaling

▪ Phase transition

➢ AdS soliton / periodic AdS

➢ Order parameter

non-zero in AdS soliton

zero in periodic AdS!

AdS soliton  AdS
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Φ𝑠(𝑑 = 3) Φ𝑠(𝑑 = 4)

𝑐𝑣2 −
Φ

Φ max 



Evaluation for CA : Complexity=Action

➢ 𝜆 is the null parameter

➢ 𝑘𝐹, 𝑘𝑃 ≡  𝑑𝑥/𝑑𝜆 are the 

future/past null vectors

➢ 𝛾𝑖𝑗 is the induced metric at 

fixed 𝜆

➢ Θ𝐹, Θ𝑃 are the expansions 

➢ 𝛽 is an arbitrary parameter

➢ We can also add a Maxwell 

boundary term by setting the 

𝐹² prefactor to (2𝜈 −  1)/4.
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𝜆 

arXiv:1609.00207 (Lehner,  Myers, Poisson, Sorkin 2016)

https://arxiv.org/abs/1609.00207


Evaluation for CA : Complexity=Action
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𝜆 

arXiv:1609.00207 (Lehner,  Myers, Poisson, Sorkin 2016)

https://arxiv.org/abs/1609.00207


Evaluation for CA: Complexity=Action
▪ Scaling

AdS soliton AdS AdS soliton AdS
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Evaluation for CA: Complexity=Action
▪ Phase transition: AdS soliton / periodic AdS, order parameter

AdS soliton AdS AdS soliton AdS
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Φ𝑠(𝑑 = 3) Φ𝑠(𝑑 = 4)

𝑐𝐴 −
Φ

Φ max 



Complexity, scaling, and a phase transition
Jiayue Yang, and Andrew R. Frey (JHEP09(2023)029) 

➢ Holographic complexity

➢ Same scaling behavior

➢ Same phase transition

Φ𝑠(𝑑 = 3) Φ𝑠(𝑑 = 4)

Φ𝑠(𝑑 = 3) Φ𝑠(𝑑 = 4)

CV CV2.0

CA CA

Φ𝑠(𝑑 = 3) Φ𝑠(𝑑 = 4)



CONCLUSION

PAGE  36



Conclusion

We evaluated various proposals for holographic complexity in a d=3 and d=4 CFT 

on a circle (times Minkowski spacetime) with a U(1) gauge field.

▪ Main results: scaling behavior

 The complexity of formation density scales as 
1

∆𝜙𝑑−1

“Complexity=anything" program also exhibits the same scaling.

▪ Main results: phase transition

 We observe magnetized AdS soliton / periodic AdS phase transition. 

 The complexity of formation density acts as an order parameter.
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Qubit



▪ a quantum logic gate (or simply quantum gate) is a basic quantum 

circuit operating on a small number of qubits. 

▪ Quantum logic gates are the building blocks of quantum circuits, like 

classical logic gates are for conventional digital circuits.
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Quantum gate

https://en.wikipedia.org/wiki/Qubit
https://en.wikipedia.org/wiki/Logic_gate
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Example
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𝑇1 𝑇𝐻𝑃

negative specific heat

positive specific heat

first-order phase transition



Example
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MORE ABOUT HOLOGRAPHIC 
COMPLEXITY
More about holographic complexity
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What boundary state are we considering?

▪ Well, we're looking at the ground/vacuum state with those parameters 

(compactification radius, Wilson line value). 

▪ But the ground state changes depending on the Wilson line. 

▪ At small values, the ground state is confining (like QCD).

▪ It becomes deconfined (like perturbative particle physics) at large Wilson line.
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Negativity for CV and Positivity for CA?

▪ We should be careful.

▪  In every case, whether it is for the soliton or for periodic AdS, complexity is the 

"distance" as measured from some reference state of the QFT system. But we 

don't know what that reference state is. 

▪ Note that even the complexity of periodic AdS diverges if you let the cut off radius 

get large. Complexity of formation does not say that we choose the periodic AdS 

as the reference state. Instead it says that we just take the difference of the 

complexity of the soliton and periodic AdS.

▪  That is why the complexity of formation can be negative. In CV and CV2.0 cases, 

the soliton is actually closer to the reference state than the periodic AdS is.
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Negativity for CV and Positivity for CA?

▪ We conjecture that the reference states for the CV and CV2.0 proposals lie in a 

different region of the CFT’s Hilbert space than the reference states for CA 

complexity proposals (which may vary with varying boundary conditions for the 

gauge field).

▪  Another interpretation is that the volume and action complexity proposals have 

similar reference states but very different distance measures,

▪ though that seems less likely to lead to the observed sign change
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MORE ABOUT PHASE TRANSITION
More about phase transition
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Phase transition in d=4

Short AdS soliton (r0 large)  AdS

Φ𝑠(𝑑 = 4)

Φ𝑠

Φ𝑚𝑎𝑥
=

2𝜋𝑙

3

3
2

𝜋𝑙

=
2 2

3
= 0.9428

first-order phase transition
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Order parameter

ferromagnetic

Ordered magnetic moments (ferromagnetic, Figure 1) below the Curie temperature. 

𝑀 𝑇 ≠ 0

paramagnetic

Disordered magnetic moments (paramagnetic, Figure 2) above the Curie temperature.

𝑀 𝑇 = 0

https://en.wikipedia.org/wiki/Curie_temperature

order parameter

The order parameter is the magnetization 𝑀(𝑇) that goes from a finite value to zero 

when the temperature is increased above the Curie temperature.

ferromagnetic /paramagnetic phase transition

magnetization M(T)�(�), which is the order parameter of the transition, continuously goes to zero.
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SOME DERIVATIONS
Some derivations
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Derive Energy expression
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Derive Energy expression
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Derive Energy expression 
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CONFINEMENT
Confinement
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1. Originally, due to quark confinement, an infinite amount of energy 

is required to isolate a single quark, so there are no free quarks.

2. However, at sufficiently high temperatures, a quark-gluon plasma 

can form, in which quarks can move freely to some extent. This is a 

deconfining phase.

3. The process of heating corresponds to the 

confinement/deconfinement phase transition.
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Quark confinement



1. In the gravitational duality, physicists map the potential between the quark-

antiquark to a string in the bulk.

2. The two ends of the string are on the boundary, corresponding to the quark and 

the antiquark. 

3. If there is no horizon(soliton), the string just stretches along the normal 

geometry at the minimum radius. The string's energy is proportional to the 

distance between the ends. To separate the ends infinitely far apart requires 

infinite energy, corresponding to the confining phase.

4. If there's a horizon(Poincare AdS), the string can drop down arbitrarily close to 

the horizon as the ends move apart from each other. Because of the infinite 

gravitational redshift, that costs essentially zero energy, deconfining phase.

PAGE  64

Gravity dual of confinement



1. The AdS soliton doesn't have a horizon at 𝑟0. (𝑟0 is just an origin in the 𝑟 −
𝜙 plane). You can tell it's not a horizon because the metric component 𝑔𝑡𝑡 ≠ 0 
there. So all the AdS solitons (charged and uncharged) are confining.

2. We are working in Poincare coordinates, where AdS looks like a radius and 

Minkowski spacetime (in our case with a periodic direction), so the boundary is 

Minkowski. Even empty/vacuum AdS has a horizon at r=0 in Poincare 

coordinates. 
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Soliton no horizon, Poincare AdS horizon



1. Hawking-Page transition (thermal AdS/AdS black hole) is also a 

confinement/deconfinement transition

2. AdS in global coordinates, no horizon (confining)

1. Black hole has a horizon (deconfining)
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Hawking-Page transition

𝑇1 𝑇𝐻𝑃

negative specific heat

positive specific heat

first-order phase transition



▪ Grand canonical ensemble has fixed 𝜇 (chemical potential) 𝑉 𝑇 , so in 
our case, Δ𝜙 is interpreted as the volume (size), potential 𝐴𝜇(or 

Wilson line Φ) is like 𝜇 (chemical potential). 

▪ Canonical ensemble has fixed 𝑁 (number of particles) 𝑉 𝑇, Δ𝜙 is still 
interpreted as volume, and 𝐹𝜇𝜈  (or charge Q) is like N (number of 
particles). 

▪ Δ𝜙 is a physical circumference; it's not Euclidean time, so it doesn't 
relate to temperature. (There are no period in Euclidean time, or you 
can think has infinite period, zero temperature). At zero temperature, 
every member of the ensemble must be in the ground state.
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Ensemble



▪ Note that the total complexity of formation scales as 𝑉𝑥Δ𝜙 (the boundary volume), 

the bigger the size is, the harder to construct this system. 

▪ What inverse proportional to some power law of Δ𝜙 is complexity of formation 

density, the bigger the size is, the average complexity of formation density is 

smaller.

▪ CFTs do NOT have a scale. For example, no field in a CFT has a mass. It is 

interesting (and surprising) to find the complexity has a definite power law scaling!

▪  We have introduced a scale by having the CFT live on a circle of fixed size Δ𝜙. 

And the complexity scaling with this size.
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Scaling



▪ BH are where QT and GT meet, neither the Q effect nor the G effect 

can be ignored. Only when we consider Q effect, we have BH 

thermodynamics.

▪ Holography helps us to understand the relationship between the 

quantum theory and gravitational theory. 

▪ Originally complexity is defined in a quantum system, and in 

holography, it is dual to some geometric/gravitational observables.

Complexity helps us to understand the interior of BH.
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The significance of my work for QG?
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Complexity=Action conjecture (CA)

▪ CA Conjecture

The complexity of the boundary CFT state is proportional

to the action of the Wheeler-de Witt patch

S is the action of the Wheeler-de Witt (WDW) patch, 

the union of all spacelike slices we considered before.

Sketch of CA

arXiv:1509.07876
PAGE  77

WdW Bulk

arXiv:1512.04993 (Brown, Roberts, Susskind, Swingle, Zhao 2015)
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Complexity, scaling, and a phase transition

⚫ Same scaling behavior

⚫ Same phase transition
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CV CV2.0

CA CA



Complexity, scaling, and a phase transition
Jiayue Yang, and Andrew R. Frey (JHEP09(2023)029) 

➢ Holographic complexity

➢ Same scaling behavior

➢ Same phase transition

Φ𝑠(𝑑 = 3) Φ𝑠(𝑑 = 4)

Φ𝑠(𝑑 = 3) Φ𝑠(𝑑 = 4)

CV CV2.0

CA CA

Φ𝑠(𝑑 = 3) Φ𝑠(𝑑 = 4)
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